ABSTRACT: High-performance shim coils are required for high-field magnetic resonance imaging and spectroscopy. Complete sets of high-power and high-performance shim coils were designed using two different methods: the minimum inductance and the minimum power target field methods. A quantitative comparison of shim performance in terms of merit of inductance (ML) and merit of resistance (MR) was made for shim coils designed using the minimum inductance and the minimum power design algorithms. In each design case, the difference in ML and the difference in MR given by the two design methods was <15%. Comparison of wire patterns obtained using the two design algorithms show that minimum inductance designs tend to feature oscillations within the current density; while minimum power designs tend to feature less rapidly varying current densities and lower power dissipation. Overall, the differences in coil performance obtained by the two methods are relatively small. For the specific case of shim systems customized for small animal imaging, the reduced power dissipation obtained when using the minimum power method is judged to be more significant than the improvements in switching speed obtained from the minimum inductance method. 
INTRODUCTION
A high-field clinical magnetic resonance imaging (MRI) scanner, such as a 3 T scanner, has the potential to operate with a high signal-to-noise ratio, allowing the acquisition of high-quality magnetic resonance spectroscopy (MRS) data and high-resolution MR images, provided that the field inhomogeneities are well shimmed (1) . At higher magnetic field, field inhomogeneities can be larger, resulting in phase and frequency instability in MRI signals and line broadening and frequency shifts in MRS (1, 2) . To correct the larger field inhomogeneities, gradient and shim coils with higher performance than those available in typical clinical MRI scanners are required. High-performance gradient and shim coils require low inductance (L) to allow short switching times, low resistance (R) to minimize power dissipation, and high efficiency (h) to produce the desired field (3) . However, when designing high-performance coils, the trade-offs between different coil characteristics should be considered. For example, minimum inductance coil designs allow faster switching speeds while minimum power coil designs optimize the power consumption.
A target-field approach for designing gradient coils was devised by Turner (4) . His method relies on inverse Fourier transformations to determine a continuous current distribution, confined to flow on cylindrical shells or on planes that yields the desired field. With this method, a functional that includes the deviation of the desired field from the calculated field over the region of interest (ROI) is formed. The current density in the reciprocal domain is found by minimizing the functional with respect to the current density. Turner further developed the target field method by adding inductance to the functional (5) . This minimized the inductance while maintaining a specified field over the desired ROI.
Carlson et al. (6) modified Turner's inductance minimization technique by expanding the current density as a sum of truncated sinusoidal functions, allowing the length of gradient coils to be constrained. Bowtell and Robyr (7) allowed the current density to vary in the radial direction in addition to the axial and azimuthal directions, for the design of multilayer, cylindrical gradient coils. In their design algorithm, power and inductance of the coil were minimized simultaneously. Further developments were made by Forbes and Crozier in a series of papers (8) (9) (10) , for the design of shielded zonal and tesseral shim coils on cylindrical and planar surfaces. Poole and Bowtell (11) applied the boundary element method to design gradient coils wound on arbitrarily shaped surfaces, by discretizing the current density into a mesh of triangles. The inductance, resistance, and torque were derived in terms of current density, allowing for a functional capable of simultaneously minimizing the square of the difference between the target field and the actual field, the stored energy, the power loss, and the torque exerted on the coils.
As mentioned, many methods have been developed for the design of gradient and shim coils. These methods are able to minimize properties such as power and inductance, allowing coils to be optimized for a variety of applications in MRI and MRS. In an International Society of Magnetic Resonance for Medicine proceeding, Turner reported on the comparison of gradient coil performance for coils designed using the minimum inductance and minimum power methods (12) . To the best of the authors' knowledge, no quantitative comparison of minimum inductance and minimum power design algorithms has been published for a shim coil set designed for small animal imaging.
In this article, the method of Turner was applied to design high-order shim sets containing 10 independent axes. The shim sets were designed using both minimum inductance and minimum power algorithms, and a quantitative comparison was made between coil performances obtained with the two methods. These quantitative comparisons are critical first steps for the optimization of practical, highpower, high-order shim sets, designed for MRI and MRS applications in small animals.
THEORY
For the design of the cylindrical shims used in MRI, the axial component of the magnetic field, B z (q, /, z), is of interest. For a current constrained to flow on a surface of a cylinder, only the azimuthal component of the current density, J / (/,z), contributes to the axial component of the magnetic field. Inside a coil of radius a (i.e., in the region where q < a), the axial component of the magnetic field can be represented in terms of cylindrical harmonics (13, 14) :
where I m and K 
Our goal is to find an optimal current density, j m / (k), to achieve a desired magnetic field in the ROI, as well as to minimize some physical parameters of the coil (such as inductance or power dissipation). Considering these requirements, we introduce a functional, U{j m / (k)} , that consists of two terms:
k n B z q n ; / n ; z n ð ÞÀB zn ½ ; [3] where B zn are the desired z-components of the magnetic field at the target points, N is the number of field targets, k n are the Lagrange multipliers (5), and Z is the physical characteristic of the coil that should be minimized. For example Z could be power, inductance, or their combination.
To minimize a physical parameter of the coil, it must be expressed in terms of the current density.
For designing coils with minimized inductance, inductance is represented in terms of the current distribution over the coil by (3, 5) :
where I is the current required to produce the current surface density. If minimum power designs are desired, power dissipation resulting from a current density flowing on the surface of a cylinder of thickness t and resistivity q can be expressed as (3, 5):
As both inductance and power are quadratic in j m / (k) (Eqs. [4] and [5] ), absolute minima of inductance and power are attainable. These minima, subject to the field constraints, are found when:
This gives an expression relating j m / (k) and k which can be substituted back into Eq. [1] , allowing B z to be written in terms of k. Substituting this expression for B z into:
gives a set of linearly independent equations that can be assembled into a matrix equation and solved for the set of {k n } using singular value decomposition. The matrix has dimensions N 3 N, where N is the number of field targets. Having the set of {k n }, the current density can be derived over the surface of the coil via substitution. The complete derivation for the minimum inductance method has been shown by Turner (5) and Chronik and Rutt (17) . The complete derivation for the minimum power method is presented in Appendix A. Optimum accuracy of the magnetic field and the resistance would be achieved by building a coil with a continuous current density. In practice, it is only possible to build a coil that approximates the continuous current density. The current density was approximated with a finite set of current carrying loops. To determine the loops position under the condition ! Á J 5 0, we define a stream function, S(z), that corresponds to the surface current density, J / (/, z), (18) as:
The stream function is discretized into some contours using the contouring function of Matlab version 7.5 (The Mathworks, Natick, MD). Contours were found at a fixed number of values (levels) of the stream function. The contours of the stream function are the discrete wire patterns that approximate the continuous current density. Wires were positioned along the contours of the stream function and each contour represents one or more closed loops on the cylindrical surface of the coil (18) .
METHODS
The calculations and design algorithms were implemented in Matlab version 7.5. The following 10 separate gradient and shim axes were designed using both the minimum inductance and the minimum power methods: X, Y, Z, XY, X 2 -Y 2 , YZ, XZ, Z 2 , Z 3 , and Z
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. For the remainder of this discussion, all of these will be referred to as shim coils (i.e., gradient coils will be considered as first-order shims). All coils were designed with a radius of 10 cm.
For each axis, identical magnetic field constraints were used for both the minimum inductance and the minimum power methods. The magnetic field was specified at nine evenly spaced points, between z 5 60.5a where a is the radius of the coil, parallel to the z-axis. Increasing the number of field constraints over the same region increases both the accuracy of the field and the size of the region of uniformity, at the expense of coil efficiency. For zonal axes, the field targets were located on the z-axis, with the appropriate pure polynomial variation with z, and for tesseral axes, the field targets were offset from the zaxis by 0.5a at an angle of zero radians. Using field targets at multiple radial locations did not significantly affect the design of tesseral coils. The current density of tesseral axes were found by limiting the expansion to have only the azimuthal order necessary for that shim; for the first-order shims we included only m 5 61 in the current density expansion, for the second-order shims we included only m 5 62, etc. (see Appendix).
The continuous current density was approximated as loops of current carrying wire. The location of wire was determined from contours of the stream function using the Matlab contouring function. Once the wire pattern was obtained, it was discretized into an array of elements characterized by their positions and lengths, each carrying current I. The magnetic field generated by each coil was calculated using the elemental Biot-Savart equation on the array of wire elements (14) . For each coil, it was verified that the numerically calculated field met the field targets. Coils designed with the two methods were compared using inductive merit (ML) and resistive merit (MR).
ML and MR were calculated with both discrete and continuous methods. For the discrete method, inductance was evaluated by applying the Neumann formula (13, 14) to the wire element array.
Resistance was calculated by summing the resistances of the wire elements in the element array. In the case of rectangular wire, the radial thickness of the conducting layer used for coil fabrication was assumed to be constant and the width of the conducting path was assumed to be equal to the minimum spacing. The cross-sectional area of each wire element would then be the thickness multiplied by the minimum spacing. If round wire were considered, the cross-sectional area would be the area of a circle with a diameter equal to the minimum spacing.
Regardless of the cross-section of a discrete wire, efficiency varies linearly with the number of loops while inductance varies quadratically. Using this information, an equation for ML independent of the number of loops was created. ML is defined as
where L is the coil inductance and h is the field efficiency of the coil (7).
To develop a figure of merit for resistance or power, the dependence of resistance on the number of loops must first be determined for the cases of rectangular and circular cross-section wires separately. The wire length increases linearly with the number of loops for both rectangular and round wires. The cross-sectional area of round wire (p multiplied by one-half the minimum spacing squared) is inversely proportional to the number of loops squared because the minimum spacing is proportional to the number of loops. Combining these two effects, the coil resistance (R) for round wire is found to vary as the third power of the number of loops. For rectangular wire, the thickness is held constant, and therefore the cross-sectional area (thickness multiplied by the minimum spacing) is inversely proportional to the number of loops. This causes the coil resistance for rectangular wire to vary with the number of loops. To obtain a MR equation independent of the number of loops, MR was therefore defined as h R 1=2 for rectangular wire and h R 1=3 for round wire (7) . The coil radius is not included in the merit equations for this work because it was held constant for coils designed with both the minimum inductance and the minimum power methods.
For the continuous method, the continuous current density was directly substituted into equations for magnetic field, inductance, and power (3). As with the discrete method, mathematical functions were fit to the analytical calculated field to obtain the efficiencies of the individual shim coils.
ML and MR were calculated for the minimum power and the minimum inductance designs with both discrete and continuous methods. Absolute field residuals, defined as the difference between the actual field and the assumed ideal shape of the field (i.e., the difference between the field created by the shim and the fitted field profile), were calculated inside a cylindrical volume with a radius of 0.9a and a length of 1.8a (approximately six times the volume of the ROI). Relative field residuals, defined as the percent difference between the actual field and the assumed ideal shape of the field were also calculated For the Z 2 coil, the field targets (circles) were specified over a region of z 5 60.5a, the magnetic field profile meets the field targets within this region of interest. It can be seen that for this coil, quadratic behavior of the magnetic field continues well outside the region of interest.
in the same region. Relative field residuals were not calculated where the value of the ideal function used to describe the shape of the field was expected to be equal to zero. Both absolute and relative field residuals were calculated for all shim axes as a method of characterizing field uniformity. Figure 1 shows the upper halves of the Z 2 wire patterns and Fig. 2 shows the upper halves of the X 2 -Y 2 wire patterns created using a) the minimum inductance and b) the minimum power design algorithms. The bottom halves of the coils are mirror images of the top halves. Both algorithms prevent current density from spreading out indefinitely over the coil surface. The basic features characteristic of the two methods are apparent: minimum inductance designs tend to feature oscillations within the current density and minimum power designs tend to feature longer, less rapidly varying current densities, and lower power dissipation. These features are consistent across all shim axes designed using these two methods. Figure 3 (a) illustrates the calculated magnetic field profile and the field targets versus z for the Z 2 coil. Within the ROI (the cylinder of length a and radius 0.5a), the field profile, having a relative error of 10 26 , shows negligible deviation from the field targets, and the quadratic behavior of the magnetic field continues well outside the ROI. The field profile for an X 2 -Y 2 shim coil, calculated in the xy plane within the ROI, is shown in Fig. 3(b) . The magnetic field deviates from the x 2 -y 2 behavior more quickly than for the Z 2 coil. The field profiles given by the two design methods are almost identical within the ROI. However, small differences can be measured by comparing the relative residual fields given by each method. The relative and absolute residual fields for the X 2 -Y 2 coils are shown in the xy plane and the yz plane in Figs. 4 and 5, respectively. In each figure, subfigures a and c show the relative and absolute residual fields for the minimum inductance design, respectively, and subfigures b and d show the relative and absolute residual fields for the minimum power design, respectively. Due to symmetry, only one quadrant of the relative residual fields is shown. For all tesseral coils, the average relative field residuals are <2% and the average absolute field residuals are <10 27 T in the xy plane within the ROI, when evaluated using both design methods. In the yz plane within the ROI, the average relative residual fields are <4% and the average absolute residual fields are <10 26 T for all tesseral coils made with both design methods. For all zonal coils made with both design methods, the average relative residual fields are <2% and the average absolute residual fields are <10 28 T in the yz plane within the ROI. The magnetic fields produced by the coils designed using the minimum power and the minimum inductance methods are scaled to have the same efficiency. Table 1 summarizes the ML and MR values for the 10 different shim axes. Percent differences of the merits of inductance and of the merits of resistance were calculated for coils designed with the minimum power and the minimum inductance methods. The absolute values of MR and ML cannot be compared between different shim axes; however, they can be used to compare designs for any given shim axis. In all cases, regardless of discrete or continuous evaluation, coils designed using the minimum inductance method have higher ML values, while coils designed using the minimum power method have higher MR values, as expected. However, it is equally clear that the differences between the design algorithms are small. When the stream functions were sampled with the same number of levels, the improvement in ML provided by the minimum inductance method is <10% of the value obtained using the minimum power method, in every design case. The improvements in MR provided by the minimum power method are <15% of the values obtained using the minimum inductance method. When the stream function sampling levels were adjusted to achieve constant coil efficiency, the improvements are 10-20% in ML and 20-30% in MR for the minimum inductance method and the minimum power method, respectively. The ML calculated with the discrete method agrees with the ML calculated with the continuous method within 3.5% in all cases. This is expected because both efficiency and inductance are independent of current density. The difference between the merits of power calculated with the discrete and the continuous methods ranges between 10% and 30%. This larger discrepancy is observed because the resistance calculated by the discrete method is higher than the one calculated by the continuous method.
RESULTS AND DISCUSSION
The results summarized in Table 1 are specific to the particular case of 10-cm radius shim coils that correct for field inside an imaging region of 10 cm. The radii of the coils were chosen to be twice the radius of the imaging region. More work is required to extend these results to shim coil axes designed over a wider range of uniformity parameters.
To relate the results of this study to pulse sequence parameters for a simple example MRI pulse sequence, the effect of readout-gradient performance on a fast gradient echo sequence was simulated. The amplifier parameters were as follows: maximum voltage of 1,200 V, maximum current of 400 A. The acquisition parameters were receiver bandwidth of 125 kHz, 256 k-space data points along the readout direction, and field of view equal to 10 cm. Gradient coils from both methods were scaled to have equal efficiency of 1.38 mT/m/A. The gradient coil designed using the minimum inductance method allowed a minimum echo time (TE) of 1.13 ms and a dissipated root mean square (RMS) power of 512 W, whereas the gradient coil designed using the minimum power In every design case, the improvement in ML provided by the minimum inductance method is <10% of the value obtained using the minimum power method and the improvements in MR provided by the minimum power method are <15% of the values obtained using the minimum inductance method. The merit of inductance calculated with the discrete method agrees with the merit of inductance calculated with the continuous method within 3.5% in all cases. The difference between the merits of power calculated with the discrete and the continuous methods ranges between 10% and 30%. method allowed a minimum TE of 1.15 ms and a dissipated RMS power of 410 W. In this case then, the minimum inductance method results in a decrease of the minimum echo time of <2%, while the minimum power method results a decrease in power dissipation of 22%. For this application, it is probably most advantageous to utilize the minimum power design.
In this study, it has been shown that for shims coils of higher orders, minimum power algorithms yield coils with approximately 30% reduced power dissipation as compared to minimum inductance algorithms; while minimum inductance algorithms yield coils with approximately 20% reduced switching times. The question becomes: which is more significant for MRI applications? In the opinion of the authors, for small animal imaging studies at high field, the reduction in switching times provided by minimum inductance coil designs is not significant compared to the reduction in power dissipation allowed by minimum power designs. Modern imaging pulse sequences employing steady-state methods typically require gradients operating at high strength with very high duty cycles, where power dissipation is the primary limitation. Furthermore, high-power shimming essentially requires direct current operation of the shim coils, and as shimming requirements increase, the thermal dissipation within the shim set is also expected to limit operation. Regardless, the results of this study allow judgments regarding gradient and shim coil design algorithm to be made on an informed, application-specific basis.
and solved for the set of {k n } using the singular value decomposition method. The elements of the matrix M are the integrals as a function of the constraint coordinates: M n; n 
